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PREFACE. 



rpHE primary object of the following pages is to pro- 
vide a text-book for the use of Candidates in the 
Mathematical Final School of this University, who have 
the option allowed them of applying Algebra in the 
demonstration of the propositions of the Fifth Book 
of Euclid. 

An Introduction is prefixed, in which will be found 
a brief exposition of the principles on which geometrical 
magnitudes are represented by algebraical symbols, ex- 
planations of the terms " ratio" and " compound ratio," 
and a comparison of the geometrical and algebraical 
definitions of " proportion." 

It is hoped that the explanations here offered may 
help to remove some of the difficulties usually ex- 
perienced by learners in the algebraical treatment of 
propositions relating to geometrical magnitudes, ratios, 
and proportion ; and in particular that the third part 
of the Introduction will satisfactorily exhibit the agree- 
ment of Euclid's Fifth Definition with the assumption 
of the equality of algebraical fractions as a test of the 
sameness of ratios. 
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IV PREFACE. 

Definitions of "equimultiples" and "continual pro- 
portionals" are inserted. 

A few brief Notes on the Propositions are appended. 

And Questions are added, the answers to which are 
contained in the Introduction and Notes, 

Oxford, 
Nov. 1, 1862. 
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INTRODUCTION. 



I. Everything that is extended in space, whether 
infinitely great, infinitesimal (i.e. infinitely small), or of 
finite greatness, is called a magnitude. There are four 
kinds of magnitudes, distinguished from one another by 
the nature of their extension in space ; viz. lines, which 
have length ; superficies, which have area ; solids, which 
have volume; and angles, whose greatness consists in 
the inclination of their including lines. The general 
criterion of two magnitudes being of the same kind, 
given by Euclid a , is that " the less can be multiplied so 
as to exceed the other." A simpler rule would be, if 
one can be said to be greater than, equal to, or less 
than the other. 

By the aid of the Science of Number, the greatness 
or quantity of a finite magnitude, i.e. how much there 
is of it, can always be expressed by a number or symbol 
denoting how many times some less magnitude of the 
same kind must be taken to make it; or, in other 
words, how often it contains another like magnitude, as 
when the length of a line is said to be 6 feet. The 
abstract number 6, when so employed, does not express 
absolute greatness, but in reality institutes a comparison 
of the length of one line with that of another, stating 
that it is six times as great ; and generally the great- 
ness of any magnitude can be expressed only relatively 
to some other of the same kind: if, however, the length 
• Bk. v. Defs. 3, 4. 
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8 INTRODUCTION. 

termed a foot be supposed absolutely known, the con- 
crete expression 6 feet expresses absolute length. A 
greater magnitude which, as in this example, contains 
another an exact number of times, is said to be a mul- 
tiple of the less, and the less to be a part, or sub- 
multiple, of the greater ; also, the less is said to measure 
the greater, and the greater to be measured by the 
less b ; or the less is termed an unit, and the greater is 
said to be expressed in terms of it. 

II. When two magnitudes can be expressed as mul- 
tiples of the same third magnitude (in which case they 
are said to be commensurable, because capable of being 
measured by the same part or sub-multiple) the num- 
bers or symbols which express the multiplicity provide 
means of comparing them with one another, so as to 
express their relative greatness. Thus, if two lines be 
5 feet and 6 feet respectively in length, the numbers 5 
and 6, which taken separately represent the lengths of 
the lines relatively to a third of one foot in length, 
when combined furnish fractional expressions by which 
their lengths are compared with one another. For, inas- 
much as the one can be divided into five equal parts, and 
the other into six, each of one foot in length, the less 
is I of the greater, and the greater ^ of the less. 

The same fraction would have been obtained by ex- 
pressing the lengths of the lines in any other common 
denomination — for example, in inches; for, the one 
being 60 inches long, and the other 72, the less would 
by the same reasoning be ^ of the other, which fraction 
is equal to ^ ; and it is clear that the fraction which 
one is of the other must be independent of any par- 

b Euclid, Bk. v. Defs. 1, 2. 
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INTRODUCTION. 9 

ticular denomination in which the lengths may be ex- 
pressed. Again, two other magnitudes, such as an 
area of 30 square yards, and another of 36, may pro- 
duce the same fraction, jj, when compared with one 
another. Hence it becomes apparent that two com- 
mensurable magnitudes have always an absolute rela- 
tion to one another in respect of quantity or greatness, 
which is independent both of their absolute great- 
ness and of the denomination in which they may 
be expressed. This absolute relation is termed their 
ratio. 

If, as in the above instances, the quantities of the 
magnitudes be expressed numerically in terms of a 
common unit, the magnitudes themselves are said to 
have to one another the ratio of the numbers which 
express them; and in like manner algebraically, if 
a and b represent two magnitudes of the same kind in 
a common denomination, say two lines, one of which is 
a feet and the other b feet in length, the magnitudes 
are said to have to one another the ratio of a to b, or 
to be to one another as a to b. 

It should be noticed that the same ratio may be 
variously expressed ; for, since it was shewn above that 
the same line may be said indifferently to be \ or f 2 of 
another, it follows that the ratio of the one to the other 
may be expressed by that of 60 to 72 equally as well 
as by that of 5 to 6 ; and similarly, magnitudes which 
are to one another as a to b, are also as 2 a to 2 b, or 
10 a to 10 b, or generally as ma to m b. In fact, when 
we say that one of two magnitudes has to the other 
the ratio of 5 to 6, or of a to b, we are making a par- 
ticular selection out of an indefinite number of pairs 
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10 INTRODUCTION. 

of values which have the same absolute relation to one 
another that the magnitudes themselves have. 

In geometry, no expression of a ratio by representa- 
tion of the quantities of the magnitudes is required, 
because ratios are considered only in connection with 
one another, the ratio of one pair of magnitudes being 
stated or proved to be the same, or not the same, as 
that of another pair. But algebraical symbols being 
capable of representing geometrical as well as other 
quantities, if the ratios of magnitudes be expressed 
algebraically, propositions relating to them may be 
demonstrated on the ordinary principles of algebra. 

Hitherto commensurable magnitudes only have been 
considered. But some geometrical and other mag- 
nitudes, although of the same kind, are incommen-. 
surable, i. e. do not admit of being expressed as exact 
multiples of any common part, or in other words, have 
no common measure. Thus, if the side of a square 
be expressed in linear units, as in inches, there is 
not an exact number of such units in the diagonal ; 
neither is there any unit, however small, in terms of 
which both the side and the diagonal can be expressed 
by whole numbers. Hence it is not possible to express 
the one as an arithmetical fraction of the other, nor 
their ratio as that of two whole numbers. Still they 
have a ratio, and that not indefinite, but exact and 
appreciable. The multiplier by which the length of 
the side of a square must be affected to become equal 
to the diagonal, is the square root of 2. If we proceed 
to extract this square root by the ordinary process, it 
appears in the form of an interminable decimal, in 
which the figures do not recur, viz. 1*41421, &c. ; of 
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INTRODUCTION. 11 

which all that we can say arithmetically is, that it lies 
between 1 and 2; or more nearly, between 1*4 and 
1*5; or between 1*41 and 1*42; and so on. Its value, 
however, is exact: and just as, if an elastic string of 
the same length as the side of a square were stretched 
till it became double that length, it would at some time 
during the process of stretching be exactly of the same 
length as the diagonal ; so if the numerical unit were 
supposed to become doubled, not by successive addition 
of finite fractions or decimals, but by gradual and con- 
tinuous growth, it would pass through that exact value 
which is the square root of 2. The ratios of such, viz 
of incommensurable magnitudes, are expressed alge-. 
braically by the use of symbols in a manner analogous 
to that of arithmetic. If the quantities of two magni- 
tudes be symbolized by a and b, we are not restricted, 
as in arithmetic, to the supposition that a and b repre- 
sent whole numbers, or even that they are commen- 
surable, a feet may denote the length of the diagonal 
of a square of which the side contains an exact number 
of feet, although a is then the symbol of that number 
multiplied by the square root of 2, and incapable of 

being expressed arithmetically; and - may represent 

algebraically the fraction which one magnitude is of 
another, although they be not commensurable. As, 
then, one of two commensurable magnitudes which 
is g of another is said to have to that other the ratio of 

5 to 6 ; so generally, if - be the fraction which any 

magnitude is of another of the same kind, the former 
is said to have to the latter the ratio of a to b. 
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12 INTRODUCTION. 

It is convenient to use the notation a : b (read a to 
b) in such a manner as to say that a : b is the ratio of 
two magnitudes, meaning that they have to one another 
the same ratio which a has to b. 

III. It has been already stated, that when different 
pairs of magnitudes are expressed numerically or sym- 
bolically, each pair in a common denomination, the 
fractions formed by the numbers or symbols, and ex- 
pressing what fractional part one of each pair is of 
the other, may be identically the same or equal. This 
identity or equality of the fractions, when it exists, will 
imply that the absolute mutual relation or ratio of the 
magnitudes in each pair is identically the same. Thus 
if a, b } c, d, express the greatness of four magnitudes, 

so that - is any one of the indefinite number of equal 

fractions which signify what fractional part the first is 

c 
of the second, and - signifies in like manner what frac- 
d 

tional part the third is of the fourth ; then if - = - 

o a, 

the first magnitude has the same ratio to the second 
that the third has to the fourth. Four magnitudes 
which are so related to one another are called propor- 
tionals ; and proportion is defined by Euclid to be the 
" sameness or identity of ratios," 17 t&v \6ya>v ravroTq^. 
Euclid's criterion of the sameness of ratios is different 
from that above, being as follows : — " The first of four 
magnitudes is said to have the same ratio to the second 
which the third has to the fourth when, any equimul- 

c The Oxford edition (1703) has 6/*otortjy, which Dr. Simeon translates 
" the similitude of ratios." 
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INTRODUCTION. 13 

tiples whatsoever of the first and third being taken, 

and any equimultiples whatsoever of the second and 

fourth, if the multiple of the first be greater than that 

of the second, the multiple of the third is greater than 

that of the fourth ; and if equal, equal ; and if less, less." 

These conditions, however, imply the equality of the 

algebraical or arithmetical fractions corresponding to 

i . a -^ /. , ./.« c ma mc 

the ratios, and vice versa, tor first, it T = -, — - = — ; , 

b d nb nd 

whatever the values of m and n may be ; and if m a be 

greater than n b, — 7 is greater than unity ; therefore 
ti 

171 C 

also —j is greater than unity, and therefore m c greater 

than n d* Similarly, if m a be equal to or less than n b, 
m c will be simultaneously equal to or less than n d. 
Tl e conditions of Euclid's definition are therefore satis- 
fied when the fractions are equal. 

And if Euclid's conditions be satisfied, first let the 
magnitudes in each pair be commensurable. It will 
then be always possible to take such multipliers that 
the multiple of the first shall be equal to that of the 
second (in other words, if two magnitudes have a com- 
mon measure, a common multiple can also be found) ; 
for a and b in this case are symbols of whole num- 
bers, and their product, or any multiple of it, will 
therefore be a whole number containing each of them 
an exact number of times. Let m and n' be values 
of m and n such that ma = n'b; then if also m'c = n'd 
(in which case it is evident that the other conditions 

will necessarily be satisfied) ; it follows that T and - h 

a 
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14 INTRODUCTION. 



ft a c 

are each equal to — ,, and therefore -:=-,. But se- 
m b a 

condly, if the magnitudes in each pair be incommen- 
surable, it will not be possible that any multipliers m 
and n can be such that ma=.nb or mc = nd. In this 
case suppose m' to be any integral multiplier of a, and 
ri to be the greatest integer which multiplied into b 
will produce a less quantity than m'a, and therefore 
ri+l the least that will produce a quantity greater 
than m'a ; i. e. let ma be greater than rib and less 

than (n + 1) b ; and therefore -rr greater than 1 and 

n o 

less than 1 + -,. Now, as greater and greater values 

of m 1 , and therefore also of n\ are taken, the value of 

the fraction -, becomes less and less ; and 1 + -. 
n w 

becomes more and more nearly equal to unity : hence 

the value of — r , which is intermediate between 1 and 
n' b 

1 + -,, also approximates to unity as its limit when 

m' and n 1 are indefinitely increased ; and therefore the 

n' 
limit to which the value of -, is continually approach- 
ing is -r . But if when m a is greater than nb, m c is 

also greater than nd; and when less, less; we have 

also mf c greater than n'd and less than (n'+l)d: 

whence it can be shewn in precisely the same manner 

n' 
that the limit to which the value of — is continually 

m 
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INTRODUCTION. 15 

C 

approaching is -; and the same limit was before shewn 

to be -; therefore j = -,. Hence universally if mag- 
nitudes, related to one another in the manner described 
in Euclid's fifth definition, be represented algebraically 

by a, b, c, d ; then % = -,. 
b a 

IV. From what has now been advanced, it will be 
seen how algebra is applicable to the solution of proposi- 
tions such as those in the fifth book of Euclid. For 
example, in Proposition B, " Invertendo," where the 
hypothesis is that four magnitudes are proportionals; 
the magnitudes are represented algebraically by four 
symbols, a, b, c, d, supposed to be such that a and b 
express the quantities of the first two in a common 
denomination, and c and d of the last two, also in a 
common denomination. Then the magnitudes being 
proportionals, a, b, c, d are also proportionals, and 

therefore T = -,. Next an algebraical result, viz. - = - 
b d ° a c 

a c 

is derived from the equality of t an< ^ -»; whence it 

o & 

follows that b : a :: d: c. But b and a represent the 
second and first magnitudes in a common denomina- 
tion, and d and c represent the fourth and third, also 
in a common denomination ; and therefore b : a is the 
ratio of the second magnitude to the first, and d : c the 
ratio of the fourth magnitude to the third. Wherefore 
the magnitudes are proportionals when taken inversely. 
In like manner in Proposition 16, " Alternando," 
where a, b, c, d are taken to represent the magnitudes, 
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16 INTRODUCTION. 

it must be understood that a, b, c, d are symbols of the 
quantities of the magnitudes all in one common denom- 
ination ; for if a and c expressed the first and third in 
different denominations, the ratio of a to c would not 
be the same as that of the first magnitude to the third; 
and consequently the algebraical proportion a : c : : b : d 
would not imply the geometrical result inferred from 
it. These considerations are suppressed in the state- 
ment and conclusion of propositions rendered alge- 
braically, but, in accordance with the usual practice in 
algebraical problems, must be tacitly understood. 

V. If four magnitudes be such that, equimultiples 
of the first and third and also of the second and fourth 
being taken, it is possible that the multiple of the 
first may be greater than that of the second, but the 
multiple of the third not greater than that of the 
fourth; or equal, but the other not equal; or less, 
but the other not less; the magnitudes are clearly 
not proportionals, since the conditions of the fifth 
definition are violated. In the first of these cases the 
first magnitude is said d to have a greater ratio to the 
second than the third has to the fourth; not that 
one ratio can be strictly said to be greater than an- 
other, but the first magnitude is greater relatively to 
the second than the third is relatively to the fourth* 
Algebraically, if the magnitudes be expressed by a, b, 

c, d as before, the fraction -r will be greater than the 

fraction -. ; for if m a be greater than n b and m c not 

d Euc, Bk. v. Def. 7. 
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ma . , mc 



greater than nd, — is greater and — • not greater 

than unity, and therefore — » is greater than — -j; 

* no nd 

CL C 

whence j is also greater than -%. Ratios cannot pro- 
perly be said to be either equal or unequal ; but if the 
ratios are the same, the corresponding fractions are 
equal ; and if the ratios are not the same, the fractions 
are unequal. It is only for abbreviation, as stated 
above, that a is said to have to b a greater ratio than 
c has to d. Euclid is careful to state, not that the first 
magnitude has, but that it is said to have a greater 
ratio to the second than the third has to the fourth. 

VI. No definition of " compound ratio" is to be found 
in any copy of the Greek text of Euclid, though it is clear 
that a technical use of the term was intended in the 
Enunciation of Prop. 23, Bk. vi., " Equiangular paral- 
lelograms have to one another the ratio which is com- 
pounded of the ratios of their sides," — \6yov rov avy/cel- 
fievov £/c t&v irkevp&v. It may easily be seen that the 
ratio of two equiangular parallelograms is in some way 
dependent on the ratios of their sides; but without 
a definition it would be impossible to infer from the 
above enunciation what precise relation between them 
it was proposed to establish. To supply this defect 
Dr. Simson has framed a definition, founded upon the 
demonstrated result from which the truth of the enun- 
ciation is inferred in Euclid's proposition. 

The analysis of Euclid's proof is as follows : — Lines 
marked L, M, N are found by a previous proposition, 
such that L has to M the same ratio that a side of the 
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18 INTRODUCTION. 

first parallelogram has to a side of the other, and M to 
iVthe same ratio that an adjacent side of the first has 
to an adjacent side of the other; it is next proved that 
the first parallelogram has to the other the same ratio 
that L has to N 9 and this is then said to be " the ratio 
which is compounded of the ratios of their sides." 
Hence it appears that the ratio of two magnitudes is 
said by Euclid to be compounded of two other ratios 
when it is dependent on them in such a manner that, 
if three magnitudes be found which have, the first to 
the second and the second to the third, those same 
ratios, the ratio of the first to the last of these three 
magnitudes is the same as that of the other two. 

In order, apparently, to simplify this expression and 
to extend the idea of compounding to a greater number 
of ratios, Dr. Simson has given the following definition : 
" When there are any number of magnitudes of the 
same kind, the first is said to have to the last of them 
the ratio which is compounded of the ratios of the first 
to the second, of the second to the third, the third to 
the fourth, and so on unto the last magnitude." This 
he has explained and accommodated to Euclid's propo- 
sition somewhat as follows : — If A, B, C, D be four mag- 
nitudes of the same kind, A is said to have to D the 
ratio which is compounded of the ratios of A to B, B to 
C, and C to D : and if E, F, G, E, K, L be other mag- 
nitudes, such that E : F : : A : B t G : H \\ B : C, K: L 
t : C: D ; then A is said to have to D the ratio which 
is compounded of the ratios of E to F, G to H, and K 
to L : and further, if there be two other magnitudes, 
M and N, such that M\N;\ A:D, then M is said to 
have to N the ratio which is compounded of those 
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INTRODUCTION. 19 

ratios. This last extension of Dr. Simson's definition 
is the sense in which compound ratio is used by Euclid. 
The capital letters, it should be observed, used here, are 
not algebraical symbols of quantity, but are as it were 
names of the magnitudes themselves; just as a line is 
called iora triangle C in the other books of Euclid. 
If the corresponding small letters be used to express 
algebraically the above magnitudes, the definition will 
be applied thus : if e :f : : a : b, g : h : : b ; c, k : I \ \ c : d, 
and also m : n \ \ a : d, then M is said to have to N the 
ratio which is compounded of the ratios of E to F, 
O to H, and K to L. But the algebraical proportions 

imply the following equalities : ^ =. -, ^ = -, - = -, 

- r= -, and therefore tXt x t = tX-X3 = 3=^.* 
n a fhlbcddn 

whence it appears that when a magnitude is said to 
have to another the ratio which is compounded of the 
ratios of several other magnitudes, the fraction corre- 
sponding to the former ratio is equal to the product of 
the fractions corresponding to the others; or a com- 
pound ratio in geometry is analogous to a compound 
fraction in arithmetic or algebra. 

Here as elsewhere the algebraical relations are more 
extensive in their signification than the geometrical; 
for if m and n represented any quantities not geome- 
trical, the ratio of m to n would be said to be com- 
pounded of the ratios of any quantities represented by 

the other letters when - = ^ x % x -. which is abun^ 
n f h l 9 

dantly illustrated under the rule of " Compound Pro- 
portion" in every Arithmetic. 
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The algebraical form also provides the following rule ? 
If the ratio of two quantities (including geometrical 
quantities, or magnitudes) depends on the ratios of 
several others in pairs, in such a manner that if the 
quantities in each of all the pairs except any one were 
equal to one another (i.e. if all the ratios but any one 
were ratios of equality), the ratio of the two quantities 
would be that of the remaining pair (i.e. would be the 
same as the remaining ratio) ; then the ratio of those 
two quantities will always be that which is ' com- 
pounded ' of those ratios. For just as in the case of 
two rectangles, if their lengths were equal and their 
breadths as 2 to 3, the one would be to the other as 2 to 
3, i.e. would be |- of it; and if their breadths were 
equal and lengths as 5 to 7, the same would be to the 
other as 5 to 7, i.e. would be | of it; but if at the 
same time that the breadths are as 2 to 3 the lengths 
are as 5 to 7, then the former will be y of what it other* 
wise would have been, i.e. will bey x j of the other; 
so of quantities in general, such as those above, if 

when e=f and gz=ih, m ; n;:k : I and therefore - = T J 

n i 

and when e =/ and Jc=l, m : n : : g ; h, and therefore 

- f; and when g = h and k = /, m : n \\ e :f, and 
n ft 

therefore - = -z ; then if none of the quantities are 
n f 

equal, - will be -z x what it would have been if e had 
been equal to /, that is, 7 x ^ x what it would have 
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INTRODUCTION. 21 

been if both e had been equal to / and g to A, that is, 
e 9 k 

An illustration of the truth of this rule, applied to 
magnitudes, is seen in Euclid, Bk. xi. Prop. D, (Dr. 
Simson/s) : " Solid parallelopipeds which are contained 
by parallelograms equiangular to one another, each to 
each, — that is, of which the solid angles are equal, each 
to each, — have to one another the ratio which is (the 
same with the ratio) compounded of* the ratios of their 
sides." The same parallelopipeds may also be shewn 
to have to one another the ratio which is compounded 
of the ratios of their edges. 

When a ratio is compounded of several ratios, all of 
which are the same, it is termed a duplicate ratio, or 
triplicate, quadruplicate, &c, according to the number 
of the ratios of which it is compounded. Thus if 
a ; b ;; b : c, the ratio of a to c, which is compounded 
of the ratios of a to b and b to c, is said to be " the 
duplicate ratio of that which a has to b;" to irp&rov 
irphs to rplrov htifkaalova \oyov e^e^ \eyerai ^irep 
irpbs to Sevrepov. In this case the compound fraction 
corresponding to the compound ratio gives the following 

? = ? x */ but °L = b -; therefore 1 = (?Y. 
c b c be c \b' 

Similarly, if a .* b \ \ b : c : ; c : d, a is said to have to d 

the triplicate ratio of a to b ; and - = -x-x- = - 

d b c d b 

a a fa\ z _ ... ._ . , 

x t x t= I t J • -la like manner, if one magnitude 

have to another the ratio which is compounded of the 
ratios of g to A, k to /, and m to n; when g : h : : k : I 



result : - = 
c 
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22 INTRODUCTION. 

: : m : n, the ratio of the magnitudes is the triplicate 
ratio of g to h y and the fraction corresponding to their 

ratio is equal to f-j • 

If a, b, c represent straight lines, and a : b : : b : c, 
the ratio of a to c is the duplicate ratio of the lines 

represented by a and b; and, since -= f-\ =t 2 > 

a : c :: a 2 : b 2 / also a 2 and & represent algebraically 
the squares described upon the lines a and c; therefore 
the duplicate ratio of two lines is the ratio of the 
squares described upon them. In like manner the 
triplicate ratio of two lines is the ratio of the cubes 
of which they are the edges. These results might 
also be inferred from Prop. 20, Bk. vi., and Prop. 33, 
Bk. xi. 
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DEFINITIONS. 

I. 

A less magnitude is said to be a part of a greater 
magnitude when the less measures the greater; that 
is, " when the less is contained a certain number of 
times exactly in the greater. " 

If maz=.h or 0= -, m being any whole number, a is 
in 

said to be zpart of b. 

II. a. 

A greater magnitude is said to be a multiple of a 

less when the greater is measured by the less ; that is, 

" when the greater contains the less a certain number 

of times exactly." 

If a = mb, m being any whole number, a is said to be 
a multiple of b. 

II. £. 

Magnitudes which contain other less magnitudes the 
same number of times exactly are said to be equi- 
multiples of them. 

If a = m b and c = md, a and c are said to be equimul- 
tiples of b and d. 

III. 

"Ratio is a mutual relation of two magnitudes of 
the same kind to one another, in respect of quantity." 

c 
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26 THE FIFTH BOOK OF EUCLID. 

If a and b express two magnitudes of the same kind in 

a common denomination, so that T is the fraction which 

o 

one is of the other, the former is said to have to the latter 

the ratio of a to b. Tide Introduction, § u. 

IV. 

Magnitudes are said to have a ratio to one another 
when the less can be multiplied so as to exceed the 
other. 

This is the criterion of magnitudes being of the same 
kind. 

V. 

The first of four magnitudes is said to have the 
same ratio to the second which the third has to the 
fourth when, any equimultiples whatsoever of the first 
and third being taken, and any equimultiples whatso- 
ever of the second and fourth, if the multiple of the 
first be less than that of the second, the multiple of 
the third is also less than that of the fourth ; or, if the 
multiple of the first be equal to that of the second, 
the multiple of the third is also equal to that of the 
fourth ; or, if the multiple of the first be greater than 
that of the second, the multiple of the third is also 
greater than that of the fourth. 

Of a, b, c, d, a is said to have to b the same ratio which 
c has to d when, m a and m c being any equimultiples what- 
soever of a and c 9 and n b and n d any equimultiples whatso- 
ever of b and d, no values can possibly be given to m and n 
which will make ma less than nb but mc not less than 
nd, or ma equal to nb but mc not equal to nd, or ma 
greater than nb but mc not greater thau nd. The above 

conditions imply that - =-j, and vice versd. Vide Intro- 
duction, § in. 
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VI. a. 

Magnitudes which have the same ratio are called 
proportionals. "N.B. When four magnitudes are pro- 
portionals, it is usually expressed by saying, the first is 
to the second as the third to the fourth." 

If the ratio of a to b be the same as that of c to d, and 
the same as that of e to/; 0, b, c, d, e,/are called propor- 
tionals. This relation is expressed by 

a:b::c:d\: e:f, 

which is read, a is to b as c to d and as $ to/ 

VI. 0. 
Magnitudes of the same kind are said to be con- 
tinued or continual proportionals when the ratios of 
the first to the second, of the second to the third, of the 
third to the fourth, and so on, are all the same. 

If a : b : : b \ c : : c : d, &c. ; 0, b, e, d, &c. are said to be 
continued or continual proportionals. 

VII. 

When of the equimultiples of four magnitudes (taken 
as in the fifth definition) the multiple of the first is 
greater than that of the second, but the multiple of the 
third is not greater than that of the fourth ; then the 
first magnitude is said to have to the second a greater 
ratio than the third has to the fourth: and, on the 
contrary, the third is said to have to the fourth a less 
ratio than the first has to the second. 

If any values can be given to the multipliers m and fl, 
applied as in the fifth definition, which will make m a 
greater than n b but mc not greater than nd, a is said to 
have to b a greater ratio than c has to d, and c is said to have 

Qi 

to d a less ratio than a has to b. In this case - is greater 

than ?- and l less than * Vide Introduction, § v. 
dab 
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VIII. 

" Analogy, or proportion, is the similitude of ratios." 

The similitude (Gk. Tavrorrjs) of ratios implies the equality 
of the corresponding fractions. Yide Def. v, and Intro- 
duction, § in. 

IX. 

Proportion consists in three terms at least. 

X. 

When three magnitudes are proportionals, the first 
is said to have to the third the duplicate ratio of that 
which it has to the second. 

If a : b : : b : c, a is said to have to c the duplicate ratio 
of that which it has to b. Vide Introduction, pp. 21 and 22. 

XI. 

When four magnitudes are continual proportionals, 
the first is said to have to the fourth the triplicate 
ratio of that which it has to the second, and so on, 
quadruplicate, &c, increasing the denomination still by 
unity, in any number of proportionals. 

If a : b : : b : c : : c : d : ; d ; e, Ac, a is said to have to d 
the triplicate ratio of that which it has to b, and to e the 
quadruplicate ratio of that which it has to b, &c. Vide In- 
troduction, pp. 21 and 22. 

Definition A, to wit, of compound ratio. 
When there are any number of magnitudes of the 
same kind, the first is said to have to the last of them 
the ratio compounded of the ratio which the first has 
to the second, and of the ratio which the second has to 
the third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 
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For example, if A, B, C, D be four magnitudes of the 
same kind, the first, A, is said to have to the last, D, 
the ratio compounded of the ratio of A to B, and of 
the ratio of B to C, and of the ratio of C to D ; or, the 
ratio of A to D is said to be compounded of the ratios 
of A to B, B to C, and C to D. 

And if A has to B the same ratio which E has to F ; 
and B to C the same ratio that G has to H ; and C to 
D the same that K has to L ; then, by this definition, 
A is said to have to D the ratio compounded of ratios 
which are the same with the ratios of E to F, G to H, 
and K to L. And the same thing is to be understood 
when it is more briefly expressed by saying, A has to 
D the ratio compounded of the ratios of E to F, G to 
//, and K to Z. 

In like manner, the same things being supposed, if 
M has to iVthe same ratio which A has to D ; then, 
for shortness' sake, M is said to have to N the ratio 
compounded of the ratios of E to F, G to H, and 
K to L. 

Vide Introduction, § vi. 

XII. 
In proportionals, the antecedent terms are called 
homologous to one another, as also the consequents 
to one another. 

If a, b, c, d be proportionals, i.e. if a : b \ \ c : d; a and 0, 
the antecedents or former terms of the ratios, are said to 
be homologous to one another; and b and d, the con- 
sequent or latter terms, are homologous. 

" Geometers make use of the following technical 
words, to signify certain ways of changing either the 
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order or magnitude of proportionals, so that they con- 
tinue still to be proportionals." 

XIII. 
Permutando, or alternando, by permutation or alter- 
nately. This word is used when there are four pro- 
portionals, and it is inferred that the first has the same 
ratio to the third which the second has to the fourth ; 
or that the first is to the third as the second to the 
fourth : as is shewn in Prop. xvi. of this fifth book. 
If a : b : : c : d, "permutando" or" alternando" a : c : : b : d. 

XIV. 

Invertendo, by inversion ; when there are four pro- 
portionals, and it is inferred that the second is to the 
first as the fourth to the third. Prop. B. 

If a : b : : c : d, " invertendo" b ; a : : d : c. 

XV. 

Componendo, by composition ; when there are four 
proportionals, and it is inferred that the first together 
with the second is to the second, as the third toge- 
ther with the fourth is to the fourth. Prop, xviii. 

If a iby.c : d," componendo n a+b :b ;: c + d : d. 

XVI. 

Dividendo, by division ; when there are four pro- 
portionals, and it is inferred that the excess of the first 
above the second is to the second, as the excess of the 
third above the fourth is to the fourth. Prop. xvn. 

If a : b :: o \ d, "dividendo" a — b : b :: c — d : d; or, 
which is the same thing (vide Prop, xvn.), if a + b : b \ \ 
c + d:d, a:b;;c:d. 
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XVII. 

Convertendo, by conversion; when there are four 
proportionals, and it is inferred that the first is to its 
excess above the second, as the third to its excess above 
the fourth. Prop. E. 

If a : b :: c : J, "convertendo" a : a — b :: o : c — d. 

XVIII. 

Ex aequali (sc. distantia), or ex aequo, from equality 
of distance : when there is any number of magnitudes 
more than two, and as many others, such that they are 
proportionals when taken two and two of each rank, 
and it is inferred that the first is to the last of the first 
rank of magnitudes, as the first is to the last of the 
others: "Of this there are the two following kinds, 
which arise from the different order in which the mag- 
nitudes are taken, two and two." 

XIX. 

Ex sequali, from equality. This term is used simply 
by itself, when the first magnitude is to the second of 
the first rank, as the first to the second of the other 
rank; and as the second is to the third of the first 
rank, so is the second to the third of the other; and so 
on in order : and the inference is as mentioned in the 
preceding definition; whence this is called ordinate 
proportion. Proposition xxn. 
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32 THE FIFTH BOOK OF EUCLID. 

h : l :: w :*, 

l : m : : x : y, 
m : n : : y ; z, 

" Ex aequali" a \n\\p \z. 

XX. 

Ex aequali in proportione perturbatii seu inordinata, 
from equality iu perturbate or disorderly proportion a . 
This term is used when the first magnitude is to the 
second of the first rank, as the last but one is to the 
last of the second rank ; and as the second is to the 
third of the first rank, so is the last but two to the last 
but one of the second rank ; and as the third is to the 
fourth of the first rank, so is the third from the last to 
the last but two of the second rank ; and so on in a 
cross order : and the inference is as in the 18th De- 
finition. Prop, xxiii. 

a, b, c, d . . . . k, I, m, n ; 

p.q,r,8 w, x, y, z. 

If a : b : : y : z, 
b : c : : x : y, 
c : d : : w : #, 

h : l : : r : s, 

l :m:: q :r, 

m\n ::p : q, 

" Ex aequali in proportione perturbate" a \ n : : p : z. 

* 4 Prop. lib. n. Archimedis de spbsBrd. et cylindro. 
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AXIOMS. 

I. 

Equimultiples of the same, or of equal magnitudes, 
are equal to one another. 

If a = m b and c = wJ,a = c; or if a = m b, c=zmd, and 
b = d, then a=.c. 

II. 

Those magnitudes, of which the same or equal mag- 
nitudes are equimultiples, are equal to one another. 

If a = m b and a=zmc, b = c; or if a = m b, d=.mc 9 and 
a — d, then b = c. 

III. 

A multiple of a greater magnitude is greater than 
the same multiple of a less. 

If a be greater than b, m a is greater than m b. 

IV. 

That magnitude, of which a multiple is greater than 
the same multiple of another, is greater than that other 
magnitude. 

If m a be greater than m b, a is greater than b. 
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PROPOSITION I. 

If any number of magnitudes be equimultiples of as 
many, each of each; what multiple soever any one of 
them is of its part, the same multiple shall all the first 
magnitudes be of all the other. 

a, b, c ; d, e, f. 
Let a, b, c be equimultiples of d, e,f, each of each ; 
so that a = md, b = me, and c = mf 

Then shall a + b + c =ztn(d+ e +/). 
Because a = m d, b = m e, and c = mf 
therefore a+b+c—md+me+ mf; 
but m {d + e +f) — md+me + mf, 
therefore a + b + c = m(d + e +/) ; 
that is, a + b + c is the same multiple of d + e +f 

that each of a, b, c is of its part d, e, orf. 
The same demonstration may be applied to any 
number of magnitudes. 

Therefore, if any number of magnitudes, &c. — Q.E.D. 

m 

Or, generally, 

a, b, c > . . h, k, I ; 

p, q, r . . . . x, y, z. 

Let a, b, c . . . . h, k, I be equimultiples of p, q> r 

. . . . x 9 y, z ; so that a = mp, b ~mq, c — mr, • • . 

h=mx, k = my, l = mz. 
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Then shall a + b + c . . • . +*+*+/ 

= m ( p + ? + r . . . . + a? + y + *). 

Because a = wjo, J = «iy,c = wr.... 

^ = wj«, k=my, 1= mz, 

therefore a + £ + c....+A + * + / 

= w» jo + w(/ + wr.... -t-mtf + wy + wiz; 

but m[p + q + r . ... + # + y + *) 

= «i/? + mg + »ir.... + wa?4-w»y-f-w»2r, 

therefore a+£ + c..,.+^ + A: + Z 

= w(jo + g + r....+j? + y + 2r); 

that is, a + 6 + c....+A + £+/is the same 

multiple of jo + q + r . . . . + a? + y + * that each 

of a, b, c, ... . ^, £, / is of its part p, q, r . . . . a?, 

Therefore, if any number of magnitudes, &c. — Q.E.D. 



PROPOSITION II. 

If the first magnitude be the same multiple of the 
second that the third is of the fourth, and the fifth 
the same multiple of the second that the sixth is of the 
fourth ; then shall the first together with the fifth be 
the same multiple of the second that the third together 
with the sixth is of the fourth. 

a, b, c, d, e,f. 
Let a be the same multiple of b that c is of d, and e 
the same multiple of b that/ is of d; so that, 
a — mb 9 c — md, 
e=z nb 9 f= nd. 
Then shall a + e be the same multiple of b that c +/ 
is of d. 

Because a=nnb, and e = n 6, 
therefore a + e 9= m.b^ nb = (m + n)b. 
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And in like manner because c = md, and/= n d, 
therefore c +/= m d + n d = (m + n) d. 

Therefore a + e and c +f contain b and d respec- 
tively m + n times ; that is, a + e is the same multiple 
of b that c +f is of d. 

Therefore, if the first, &c— Q. E. D. 

Cor. From this it is plain that if any number of 
magnitudes a, e, g, k be multiples of b, and as many 
c>f> K I De * ne same multiples of d, each of each ; then 
a + e + g + k is the same multiple of b that c +f+ h 
+ I is of d. 

PROPOSITION III. 

If the first be the same multiple of the second that 
the third is of the fourth, and if of the first and third 
there be taken any equimultiples ; these shall be equi- 
multiples, the one of the second, and the other of the 
fourth. 

a, b, c, d ; e } /. 
Let a be the same multiple of b that c is of d ; and 
e and/* be equimultiples of a and c ; so that, 
a=-mb, c = md, 
and e=«o,/ = n(?, 
Then shall e be the same multiple of b that / is 
ofrf. 

Because a = mb 9 and e=na, 

therefore e = w x mb = mnb ; 

and because c = md, and /= n c, 

therefore /= n x md~mnd. 

Therefore e and/ contain b and d respectively m n 

times ; that is, e is the same multiple of b that / is of d. 

Therefore, if the first, &c— Q. E. D. 
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PROPOSITION IV. 

If the first of four magnitudes has the same ratio to 
the second which the third has to the fourth; then 
any equimultiples whatever of the first and third shall 
have the same ratio to any equimultiples of the second 
and fourth, viz. : " the multiple of the first shall have 
the same ratio to that of the second, which the multiple 
of the third has to that of the fourth." 

a, b, c, d; e,f,g, h. 
Let a : b \ \ c : d* ; and let e, g be equimultiples of 
a, c, and/, h of b, d; so that 

e = ma,f= nb, 

g = mc, h = nd. 

Then shall e\f\\g\h. 

Because a ; b \ \ e : d, 

therefore T = -/ 
o a 

(ffi 
Multiply each of these equals by - ; 

ma mc 

then — i = — ->' 
nb nd 

but e = ma,f= nb, g =zmc, and h = nd; 

therefore ^ = t» 
/ * 
and therefore e ;/ : : g : h. 

Therefore, if the first, &c— Q. E. D. 

Cor. Likewise, if the first has the same ratio to the 
second which the third has to the fourth, then also, 
any equimultiples whatever of the first and third have 
the same ratio to the second and fourth : and in like 

» This expression is to be read here and elsewhere, Let a be to b as 
c is to d. 
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manner, the first and the third have the same ratio to 
any equimultiples whatever of the second and fourth. 



First, 



Secondly, 



If a : b : : c ; d, 

and e = ma,g = mc; 

a c 
then t = ->» 
o a 

,_ „ ma mc 
therefore —r~ = -r > 
b a 

that is \- 9 -J 
o a 

and therefore e : b \ \ g : d. 
If a : b : : c : d, 

and'/= n b } h = nd; 

then T = -. ; 
b a 

therefore — ? = — v 
no nd 

. a c 

that is - = T ; 
/ A 
and therefore a \f\\c : A. 



PROPOSITION V. 

If one magnitude be the same multiple of another 
which a magnitude taken from the first is of a magni- 
tude taken from the other; the remainder shall be the 
same multiple of the remainder that the whole is of 
the whole. 

a, b ; c, d. 

Let a be the same multiple of b which c, taken from 
a, is of d, taken from b; so that a = mb, c — md. 
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Then shall a — c = m (b — d). 

Because a = m 6, and c — md 9 

therefore a — c=zmb — md; 

but m (b — d) =mb — md, 

therefore, also a — c = m (b — d) ; 

that is, a — c is the same multiple of b — d that' 

a is of b. 

Therefore, if one magnitude, &c. — Q. E. D. 



PROPOSITION VI, 

If two magnitudes be equimultiples of two others, 
and if equimultiples of these be taken from the first 
two ; the remainders are either equal to these others or 
equimultiples of them. 

a, b; c, d; e,f. 
Let a, b be equimultiples of c, d ; and e, /, taken 
from a, 6, also equimultiples of c, d ; so that 
a = m c, b = m d, 
e = nc,f=nd. 
Then shall either a — e = c and b — /= d, or a — e 
and b — /shall be equimultiples of c and d. 
Because a = mc and e = n c, 
therefore a — e=wic — nc=(m — n)c ; 

and because b = md and/= n d, 
therefore b — /= md — nd—{rn — n) d. 
Wherefore if the difference between m and n be 
unity, i.e. ifm — n = 1 ; a — e=zc and b — f-=. d. 

Otherwise a — e and b — / contain c and d respec- 
tively m — n times ; that is, they are equimultiples of 
c and d. 

Therefore, if two magnitudes, &c. — Q. & D. 
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PROPOSITION A. 

If the first of four magnitudes has to the second the 
same ratio which the third has to the fourth; then, 
if the first be greater than the second, the third is 
also greater than the fourth; if equal, equal; and if 
less, less, 

a, b f c, d. 
Let a : b :: c : d, 
Then if a be greater than b, c shall be also greater 
than d; and if equal, equal ; and if less, less. 
Because a : b : : c ; d, 

therefore r == -*- 
b d 

But if a be greater than b, - is greater than unity ; 

therefore also -3 is greater than unity, 
and therefore c greater than d. 
And if a be equal to b, - is equal to unity ; 

Q 

therefore also ^ is equal to unity, 

and therefore c equal to d. 
And in like manner if a be less than 6, it may be 
shewn that c is less than d. 
Therefore, if the first, &c— Q. E. D. 



PROPOSITION B. 
" Invertendo." 

If four magnitudes be proportionals, they are pro- 
portionals also when taken inversely. 
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a, b, c, d. 

Let a : b :: c : d. 

Then shall b ; a :: d : c. 

Because a : b : : c : d, 

therefore t=j- 
a a 

Divide unity by each of these equals : 

then 1 -7- T = 1 -f- -3 ; 
o a 

therefore 1 x - = 1 x - , 
a c' 

. b d 
i.e. - = -; 
a c f 

and therefore b : a : : d ; c. 

Therefore, if four magnitudes, &c. — Q. -B. Z). 



PROPOSITION C. 

If the first be the same multiple or part of the 
second, that the third is of the fourth ; the first is to 
the second, as the third is to the fourth. 

a, b, c, d. 
First, let a be the same multiple of b that c is of d; 
so that a = mb, c = m d. 

Then shall a ; b : : c : d. 

Because a = rnb, therefore T = m ; 

b 

Q 

and because c=-md 9 therefore -; = w». 

a 

Therefore T = ,, 
o a' 

and therefore a : b : : c : d. 
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Secondly, let a be the same part of b that cisofd; 

4!U + b d 

•o that, a = -, c = - . 
n n 

Then shall a : b : : c : d. 

Because a = -, therefore T = -; 
n b n 

and because c = -, therefore -, = — 
n d n 

Wherefore t = -3/ 
a 

and therefore a : b :: c : d. 

Therefore, if the first be, &c— Q. E. D. 



PROPOSITION D. 

If the first be to the second, as the third to the 
•fourth ; and if the first be a multiple or part of the 
second; the third is the same multiple or part of 
the fourth. 

a, b, c, d. 

Let a : b : : c : d. 

And first, let a be a multiple of b; so that, a = mb. 

Then shall c = md. 

Because a : b : : c : d, 

therefore T = -,>" 
b d 

and because « = mJ, therefore 7- = m : 

b 

wherefore also - = m, 
d 

and therefore c=^md; 

i.e. c is the same multiple of d that a is of b. 
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Secondly, let a be a part of b ; so that, a = -. 

Then shall c= -. 
n 

As before t = V 
b a 

and because a = -, therefore T = - : 
w on 

wherefore also -; = -> 
a w 

and therefore c = - ; 

i.e. c is the same part of d that a is of 6. 
Therefore, if the first, &c.— Q. J?. D. 



PROPOSITION VII. 

Equal magnitudes have the same ratio to the same 
magnitude ; and the same has the same ratio to equal 
magnitudes. 

a, by c. 
Let a = b. 
Then shall a : c : : b : c, 

and c : a : : c ; b. 
First, because a = b, 

therefore - = -> 
c c 

and therefore a : c \ \ b : c. 
Secondly, because a = b, 

therefore - = -& 
a b 

and therefore c : a : : c : b. 

Therefore equal magnitudes have, &c. — Q. E. D. 
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PROPOSITION VIII. 

Of unequal magnitudes, the greater has a greater 
ratio to the same than the less has; and the same 
magnitude has a greater ratio to the less, than it has 
to the greater. 

a, b, c. 
Let a be greater than b. 
Then shall a have to c a greater ratio than b has to c; 
and c shall have to b a greater ratio than c has to a. 
First, because a is greater than b, 

therefore - is greater than - ; 
c ° c 

for if two fractions have the same denominator, that 
which has the greater numerator is the greater of the 
two. 

Therefore a has to c a greater ratio than b has to c. 

Secondly, because b is less than a, 

c c 

therefore - is greater than - ; 
o o 

for if two fractions have the same numerator, that 
which has the less denominator is the greater of the 
two. 

Therefore c has to b a greater ratio than c has to a. 

Therefore, of unequal magnitudes, &c. — Q.E.D. 



PROPOSITION IX. 

Magnitudes which have the same ratio to the same 
magnitude, are equal to one another; and those to 
which the same magnitude has the same ratio, are 
equal to one another. 

a, b 9 c. 

First, let a : c : : b : c. 

Then shall a = b. 
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Because a \ c \ \ ft : c, 

therefore - = - ; 
c c 

and therefore a = ft. 

Secondly, let c : a : : c : ft. 

Then shall a = ft. 

Because c : a : ; c : ft, 

therefore "invertendo" a : c ;; b : c ; Prop. B. 

and therefore a = ft by the former case. 

Therefore magnitudes which have, &c. — Q. E. D. 

Or, in the second case, 
Because c : a : : c : ft, 

therefore - = T ; 
a ft 

and therefore a = ft. 



PROPOSITION X. 

That magnitude which has a greater ratio than an- 
other has to the same magnitude, is the greater of the 
two; and that magnitude to which the same has a 
greater ratio than it has to another magnitude, is the 
less of the two. 

a, ft, c. 
First, let a have to c a greater ratio than ft has to c. 

Then shall a be greater than ft. 
Because a has to c a greater ratio than ft has to c. 

therefore - is greater than - .' 
c c 

but if two fractions have the same denominator, the 

greater has the greater numerator ; 

therefore a is greater than ft. 
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Secondly, let c have to b a greater ratio than c has 
to a. 

Then shall b be less than a. 
Because c has to b a greater ratio than c has to a, 

therefore T is greater than - : 
b a 

but if two fractions have the same numerator, the 

greater has a less denominator than the other ; 

therefore b is less than a. 

Therefore, that magnitude, &c. — Q. JE. D. 



PROPOSITION XI. 

Ratios that are the same to the same ratio are the 
same to one another. 

a, b; c, d; e,f. 

Let a : b \ \ c : d, and c : d : ; e : /. 

Then shall a :b ;; e :f. 

Because a : b \ ; c : d, 

therefore T = -; 
b a 

and because c : d : : e : f, 

therefore - = - ; 
d * 

therefore T = -?, 
° J 
and therefore a : b : : e :/. 
Therefore, ratios that are, &c. — Q.E.D* 
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PROPOSITION XII. 

If any number of magnitudes be proportionals, as 
one of the antecedents is to its consequent, so shall all 
the antecedents taken together be to all the con- 
sequents. 

a, b; c, d; e,f. 

Let a: b :: c : d :: e :/. 

Thenshall«: by. a + c+e: b+d+f. 

Because a : b :; c : d : : e :f, 

ace 

therefore -=■ = - = -^ 
b d f 

Since these fractions are equal to one another, let k 

be a quantity to which each of them is equal : then 

because -=■ = A, therefore a = bk; 
o 

„ - d = k, „ c=dk; 

and „ ^ = K „ e =/* : 

therefore a + c + e = b k + dk + fk; 

but {b + d+f)k= bk+dk+fk y 

therefore a + c te= (b + d+f)k; 

a + c + e 
the*etoie d ^ d+f =k: 

, a . 

but -t = K 

_ a a 4- c + e 
therefore -=——,. 

and therefore a : b \\ a + c + e : b -f d+f. 
The same proof may be extended to any number of 
proportionals. 

Therefore, if any number, &c. — Q. E. D. 
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Or, generally, 

0, b; c, d; e,f; . . . . y, z. 

Let« : b :: c: d ;; e :/. . . . :: y : z. 

Then shall 

a ib :: a + c+e -f y : b+d+f. . . . + z. 

Because a : b ;; c : d :: e if . . . . \\y : z, 

therefore T -r- = -.... = ^. 
o d f z 

Let k be a quantity to which each of these fractions 
is equal : then 

because t = k, therefore a = bk; 



S-* 


19 


c = di; 


/-* 


99 


e=fk; 


!=>- 


99 


y=.zk: 



therefore a + c + e....+y = bk + dk+fk....+zk 

= (b + d+f... + z)k; 

a + e + e + y _ 

b + d+f. ... + z 

but £ = k, 
o 

therefore •• + « + ••.» + ! 



* i + rf+/.... + z' 
and therefore 
a:6:: a + c + e + y : fi + a*+/ + r . 
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PROPOSITION XIII. 

If the first has to the second the same ratio which 
the third has to the fourth, but the third to the fourth 
a greater ratio than the fifth to the sixth; the first 
shall also have to the second a greater ratio than the 
fifth to the sixth. 

a, b, c, d, e,f. 
Let a: b :: c : d; and let c have to d a greater ratio 
than e has to/. 

Then shall a have to & a greater ratio than e has to/.^ 
Because a : b : : c : d, 

therefore T = .; 
a 

but because c has to d a greater ratio than e has tof, 

C € 

therefore -^ is greater than ^ » 

wherefore also T is greater than -^ 
° f 

and therefore a has to b a greater ratio than e has to/. 

Therefore, if the first, &c— Q. E. D. 

Cor. And if the first have a greater ratio to the 
second than the third has to the fourth, but the third 
the same ratio to the fourth which the fifth has to the 
sixth ; it may be demonstrated, in like manner, that 
the first has a greater ratio to the second than the 
fifth has to the sixth. 



In this case T is greater than -„ and -,=-?; there- 
* & d 9 d f 

re t is greater than ^ ; 

and therefore a has to b a greater ratio than e has to/. 
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PROPOSITION XIV. 

If the first has to the second the same ratio which 
the third has to the fourth : then if the first be greater 
than the third, the second shall be greater than the 
fourth; if equal, equal; and if less, less. 
a, b 9 c, d. 
Let a : b\\ c : d. 
Then if a be greater than c, b shall be greater than d; 
and if equal, equal ; and if less, less. 
Because a : b : ; c : d, 

therefore t — ^* 
b a 

But if a be greater than c ; since of two equal frac- 
tions, the one which has the greater numerator must 
also have the greater denominator 5 ; 

therefore b is greater than d. 

And if a = c ; since equal fractions which have equal 
numerators must also have equal denominators; 
therefore b = d. 

And if a be less than c ; since of two equal fractions, 
the one which has the less numerator must also have 
the less denominator ; 

k Thi« property of fractions may be proved as follows : — 

If T = -, let each of these be equal to k ; then 
o d 

because ■=- = k, therefore a = bk 9 
b 

and because — = k, therefore c = dk ; 
d 

bat a is greater than c, therefore b k is greater than d k, 

and therefore b is greater than d. 

In like manner if a be equal to <?, b is equal to <Z; and if less, less. 
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therefore b is less than d. 
Therefore, if the first has, &c— Q. E. D. 



PROPOSITION XV. 

Magnitudes have the same ratio to each other which 
their equimultiples have. 

a, b, c, d. 
Let c and d be equimultiples of a and b; so that c 
z=ma and tf=w»i. 

Then shall a : b : : c : d. 
Because c = m a, and d = mb, 

c ma 
therefore 2 = ^f 

**! = —*' 

b mo 

therefore T = -%> 
o a 

and therefore a : b : : c : d. 

Therefore, magnitudes have, &c. — Q. E. D. 



PROPOSITION XVI. 
" Pbrmutando," or " Alternando ." 

If four magnitudes of the same kind be propor- 
tionals, they shall also be proportionals when taken 

alternately. 

a, b, c, d. 

Let a : b : : c : d. 

Then shall a : c :: b : d. 
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Because a : b : : c : d, 

therefore T = -. 
o a 

Multiply these equal fractions, each by -; 

c 

,. a b c b 

then h x Z> = ^ x -' 
o c a c 

whence, by dividing out the A's on the left hand side 

and the c's on the right, 

a b 

~c = d'' 

and therefore a : c : : b : d. 

Therefore, if four magnitudes, &c— Q. E. D. 



PROPOSITION XVII. 

u DIVIDPNDO. ,, 

If magnitudes, taken jointly, be proportionals, they 
shall also be proportionals when taken separately ; that 
is, if two magnitudes together have to one of them the 
same ratio which two others have to one of these, the 
remaining one of the first two shall have to the other 
the same ratio which the remaining one of the last two 
has to the other of these. 

a, b 9 c, d. 

Let a + b : b : : c + d : d; 

Then shall a : b : : c : d. 

Because a + b : b :: c + d : d 9 

therefore — ? — = — r ; 
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(X c 

therefore T + 1 = --, + 1 ; 
b d 

and, subtracting unity from each of these equals, 

a __ c m 

~b~d ; 

therefore a : b : : c : d. 

Therefore, if magnitudes, &c. — Q. E. D. 

In Def. xvi. the term " dividendo" is said to be used, 
" when four magnitudes are proportionals, and it is in- 
ferred that the excess of the first above the second is to 
the second as the excess of the third above the fourth 
is to the fourth." 

This is substantially the same proposition as that 
enuntiated and proved in the text ; for if a + b, b 9 c + d, 
and d be assumed as the four magnitudes, the excess of 
the first above the second is a, aud the excess of the 
third above the fourth is c ; and the hypothesis a + b : 
b : : c + d : d will lead to the conclusion a : b : : c : d 
as before. 

It may also be proved directly as follows : — 

a, b y c, d. 

Let a : b : : c : d. 

Then shall a — b : : b : : c — d : d. 

Because a : b : : c : d, 

therefore - = _; 
b d 

whence, by subtracting unity from each of these 

equals, 

? 1-^-1. 

therefore — ; — = — — , 
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and therefore a — b : b : : c — did. 
Therefore, if four magnitudes, &c. — Q. E. D. 



PROPOSITION XVIII. 

" COMPONENDO." 

If magnitudes, taken separately, be proportionals, 

they shall also be proportionals when taken jointly; 

that is, if the first be to the second, as the third to the 

fourth, the first and second together shall be to the 

second as the third and fourth together to the fourth. 

a, b 9 c, d. 

Let a : b : : c i d. 

Then shall a + b : b : : c + d : d. 

Because a : b : : c : d, 

therefore T = -. 
b d 



To each of these equals add unity ; 
a + b c + d 



thenf+l=^+l; 



therefore- — s , 

b d 

and therefore a + b : b : : c + d : d. 

Therefore, if magnitudes taken separately, &c. — 

Q. E. D. 



PROPOSITION XIX. 

If a whole magnitude be to a whole as a magnitude 
taken from the first is to a magnitude taken from the 
other, the remainder shall be to the remainder as the 
whole to the whole. 
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a> by c, d. 
Let c and d be taken from a and b ; leaving the re- 
mainders a — c and b — d: and let a : b : : c : d. 
Then shall a — c : b — d : : a :b. 
Because a : b : : c : d, 
therefore, alternando, a : c : : b : d; 
therefore, dividendo, a — c : c : : b — did; 
therefore, alternando, a — c : b — d : : c : d; 

but, by hypothesis, a : b : : c : d; 
and ratios that are the same to the same ratio are 
the same to one another, Prop. xi. 

therefore, a — c : b — d : : a : b. 

Therefore, if a whole magnitude, &c. — Q. E. D. 
Otherwise, 
Because a : b : : c : d 9 

therefore T = -,»' 
b d 

Multiply these equals, each by - ; 

a b c b 
then T x- = -x - ; 
b c d c 

whence - = -, as in Prop. xvi. 

From each of these equals subtract unity; 

then 1 = -» — 1 ; 

c d 

therefore = • , - • 

c a 

c 
Multiply these equals, each by , , \ 

_„ a — c c b — d r. 

Then x 3 = — — x 



c b — d d b—d 
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a —C C 



whence 



b — d d' 



u 4.° c 
hnt 6 = d ! 

therefore T - = - ; 

— a b 

and therefore a — c : b — d : : a : b. 

Cor. If the whole be to the whole, as a magnitude 
taken from the first is to a magnitude taken from the 
other; the remainder likewise is to the remainder as 
the magnitude taken from the first is to that taken 
from the other. 

This has been proved in the former demonstra- 
tion, viz., 

a — c ib — d : : c : d. 
And in the latter it was shewn that 
a — g __ c 
b^~d~~d ; 
whence a — c : b — d : : c : d. 



PROPOSITION E. 

" CONVERTENDO." 

If four magnitudes be proportionals, they are also 
proportionals by conversion ; that is, the first is to its 
excess above the second, as the third to its excess 
above the fourth. 

a, b, c, d. 

Let a : b : : c : d. 

Then shall a : a — 6 : : c : c — d. 

Because a : b : : c : d> 

therefore, dividendo, a — b:b::c — d:d; 

therefore, invertendo, b : a — b:\d\c-d; 
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and therefore, componendo, a: a — b : : c : c — tf. 
Therefore, if four magnitudes, &c— Q. E. D. 

Otherwise, 
Because a : b : : c : d, 

therefore t = -3* 
b a 

From each of these equals subtract unity, 

i c i 
then T — 1 = -j — a; 
o a 

a — b c — d 
therefore — r — = — y— ; 
b a 

v> «. a c . 
but 4=rf' 

a a — b c c — d # 
therefore^-- r - = ^-H- 5 -^ 

a b c d . 

therefore T x r = -3 x 



6 a— A d c — d 

whence •, = 3* 

a — c — a 

and therefore a : a — b : : c : c — d. 



PROPOSITION XX. 

If there be three magnitudes, and other three, which 
taken two and two, have the same ratio ; if the first be 
greater than the third, the fourth shall be greater than 
the sixth ; if equal, equal ; and if less, less. 

a, b, c ; d, e, f. 
Let a : b : : d : e, 
and b : c :: e : /. 

£ 
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Then if a be greater than c, d shall be greater than 
/; and if equal, equal ; and if less, less. 
Because a : b : : d : e, 

therefore T = - ; 
b e 

and because b : c : : e :f, 

therefore - = -„ . 
c f 

Therefore T x - = - x -^ . 
beef 9 

ad 
whence - = - . 

o f 

And if a be greater than c, - is greater than unity ; 

c 

d . 
therefore -^ is also greater than unity, and therefore d 

greater than/. 

Similarly, if a be equal to c, d is equal to /; and if 



Therefore, if there be, &c. — Q. E. D. 



PROPOSITION XXII. 

" Ex MQVALl," OR " EX 2EQUO." 

If there be any number of magnitudes, and as many 
others, which, taken two and two in order, have the 
same ratio; the first shall have to the last of the first 
magnitudes the same ratio which the first has to the 
last of the others. 

a, b, c, d; e,f,g, h. 
Let a : b :: e :f, 
b: c::f:ff, 
and c : d : : g : h. 



Digitized 



by Google 



PROPOSITIONS. 5ft 

Then shall a : d : : e : A. 

CL 6 

Because a : b : : e : f, therefore t= - f > 
„ b:c::f-.ff, „ ^ = g' 

C Q 

and „ c:d::ff:h, „ jj = |/ 

«,, „ a b c e f a 
Therefore t x ~ x 3= * x - x t ; 
i c d / ^r A 

whence, dividing out the i's and c's on the left-hand 

side, and the/'s and ^r's on the right, 

a _ e # 

d~~A ; 

and therefore a : d : : e : h. 

The same proof may be extended to any number of 

magnitudes. 

Therefore, if there be, &c. — Q. E. D. 



Or, generally, 


a, b, c, d . . 


..*, 


t l,m,n 


p 9 q,r, 8 . . 


. . w 


, x, y, z. 


Let a : b : 


:/>: 


q> 


i:c: 


: ?: 


r, 


c : d : 


: r : 


8, 


• • 
k : I: 


: 10 : 


X, 


I : m : 


: x : 


y> 


and m : n : 


:y: 


z. 


Then shall a 


: n : 


: p : z. 
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By reason of the above proportions, 

a_p b __q c _r & 

— — — , — — — — — — , otu. 

o a c r' a s 



k w I x A m y 

= _,_=_, and -= ?-. 
I x m y n z 

m, » « * c him 

Therefore T x-x -,.... x-x-x- 

b c d I m n 

par w x y 

=^- x i x - . . . . x-x-x-: 
q r s x y z 

Whence, dividing out the 6's, c's, rf's . . . k's, F&, and 

iw's on the left-hand side ; and the j's, r's, s's . . . w's, 

^s, and y's on the right ; 

a __P 

n~~ z' 

and therefore a : n : : p : z. 



PROPOSITION XXIIL 

" Ex ^EQUALI IN PROPORTIONE PERTURBATA," 
OR " EX ^QUO PERTURBATO." 

If there be any number of magnitudes, and as many 
others, which, taken two and two in a cross order, have 
the same ratio ; the first shall have to the last of the 
first magnitudes the same ratio which the first has to 
the last of the others. 

a, b, c, d; e,f, g 9 h. 

Let a : b : : g : h, 

b : cy.ftff, 

and c : d : : e: /. 

Then shall a : d : : e : h. 

Because a : b \ \ a : A, therefore -r = -r ; 

on 
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h -f 

because b : c ::/: a, therefore - = -; 

eg 

C € 

and „ c : d\\i :/, „ -z = - . 

a b c a f e 
Therefore - L x - x -, = \ x ^ x ^; 
6 c a h g f 

whence, dividing out the i's and c's on the left-hand 

side, and the g's and/'s on the right, 

a _ e . 

and therefore a : d : : e : h. 
The same proof may be extended to any number of 
magnitudes. 

Therefore, if there be, &c— Q. E. D. 
Or, generally, 
a, b } c y d, . . . . A, /, m, n ; 

p,q,r,s, w y x, y, z. 

Let a : b :: y : z, 
b :c :: x : y, 
c : d : : w: x> 

k : I : : r : s, 

Z : m : : : r, 

and m : w : ; p : g. 

Then shall a : n :: p : z. 

By reason of the above proportions 

J z c y y d x 



k _ 


r 
— — > 


I 




. 9 

■ — 9 


and 


m _ 


m P t 






/ = 


« 


m 




r 




» "" 


" q' 








a 


b 




c 




A 


i 




771 


Therefore 


** 


c 


X 


d' 


. • • 


X T 


X - 
m 


X 


71 
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y x w rap 

= - x - x - .... x-x-x-: 
z y x 8 r q 

whence, dividing out the 6's, c*s, d'& . . . . #8, Ts, and 

»»'s on the left-hand side ; and the y's, x , s, w'a, 

.... s 9 8, r's, and q'a on the right ; 

a _ P 

n z' 

and therefore a : n ;: p : z. 



PROPOSITION XXIV. 

If the first has to the second the same ratio which 
the third has to the fourth, and the fifth to the second 
the same ratio which the sixth has to the fourth ; the 
first and fifth together shall have the same ratio to 
the second which the third and sixth together have 
to the fourth. 

a, b, c, d, e,f. 

Let a : b ;; c : d, 

and e : b ;;f: d. 

Then shall a + e : b :: c +/: d. 

Because a : b : : c : d, 

therefore T = - ; 
o a 

and because e : b ::f: d, 

therefore T = 4- 
o a 

Whence t + t = ^ + V 
b b d d 

therefore -,— = -—,- , 
o a 

and therefore a + e : b : : c +f : d. 
Therefore, if the first, &c— Q. E. D. 
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Cor. 1. If the same hypothesis be made as in the 
proposition, the excess of the first and fifth shall be to 
the second as the excess of the third and sixth to the 
fourth. 

Because T = 3 > and - = i- as before; 
b a o a 

therefore t — t = -> — 4/ 
b b d d 

whence — r — = — -^ ; 
b a 

and therefore a — e : b : : c — / : d. 

Cor. 2. The proposition holds true of two ranks of 
magnitudes, whatever be their number, of which each 
of the first rank has to the second magnitude the same 
ratio that the corresponding one of the second rank 
has to a fourth magnitude. 

a, 6, c, d ; e, g, &c.,f, A, &c. 

Let a : b : : c : d, 

e:b::f:d, 
g : b : : h: d, &c. 

' Tfae^e * + e + ff + & c. = c ± f+_k + &e. > 
and therefore a + e + g + &c. : b : : c +/+ h + &c. : d. 
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PROPOSITION XXV. 

If four magnitudes of the same kind be proportionals, 
the greatest and least of them together are greater than 
the other two together. 

a, b, c, d. 

Let a : b : : c : d; 

and let a be the greatest of the four, and therefore 

d the least. (Props, xiv. and A.) 

Then shall a -h d be greater than b + c. 

Because a : b : : c : d, 

therefore, dividendo, a — b : b : : c — did; 

therefore, invertendo, b : a — b :: d : c — d: 

but b is greater than d, 

therefore also a — b is greater than c — d. (Prop, xi v.) 

To each of these unequals add b + d; 

then a — b + b+ dis greater than c — d + b + d> 

or a + d is greater than b + c. 
Therefore, if four magnitudes, &c. — Q. E. D. 

Otherwise, 
Because a : b : : c : d, 

therefore - = -. 

b d ' 

From each of these equals subtract unity : 

then - — 1 = -, — 1 : 
b d ' 

, - a — b c — d 
wherefore —= — = — — : 
o d 

but b is greater than d; and of two equal fractions 

the one which has the greater denominator has also 

the greater numerator ; 

therefore a — A is greater than c — d. 
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To each of these unequals add b + d; 

then a — b + b + dis greater than c — d + b + d, 

or a + d is greater than b + c. 



PROPOSITION P. 

Ratios which are compounded of the same ratios are 
the same to one another. 

a, b y c; d, e,f. 

Let a : b : : d : e, 

and b : c : : e :/. 

Then the ratio which is compounded of a : b and b : c 

shall be the same to the ratio which is compounded of 

d : e and e : /. 

Because a : b : : d : e, 

and b : c : : e :f, 

therefore, ex aequali, a : c : : d :f: 

but by the definition of compound ratio, a : c is the 

ratio compounded of a : J and 4 : c ; and d :f is the 

ratio compounded of rf : e and e : /; therefore the ratio 

compounded of a : b and i : c is the same to the ratio 

compounded of d : e and e : /. 

The same proof may be extended to any number of 
ratios. 

Therefore, ratios which are, &c. — Q. E. D. 

Otherwise, 

Because a : b : : d : e, 

and b : c :: e :/; 

therefore T =-> and - = — 

' , r a b d e 
therefore T x - = - x -^ ; 
beef 
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and, dividing out the b'a on the left-hand side, and 
the e's on the right, 

a__ d 

Therefore a : c :: d :f, &<?• 



PROPOSITION G. 

If several ratios be the same to several ratios, each 
to each ; the ratio which is compounded of ratios which 
are the same to the first ratios, each to each, shall be 
the same to the ratio compounded of ratios which are 
the same to the other ratios, each to each. 
a, b, c, d; k, l,m: 

e,f>9>h'> P, Q,r. 

Let a : b : : e : /, 

and c : d : : g : h. 

Then the ratio which is compounded of ratios which 

are the same to the ratios a : b and c : d, shall be the 

same to the ratio which is compounded of ratios which 

are the same to e : / and g : A. 

Take k, I, m, such that 

a \ b :: Jc ; I, 

and c : d :: I : m / 

and p, g, r, such that 

e:f::p: q, 

and g : h : : q : r. 

Then A : m is the ratio compounded of ratios which 

are the same to the ratios a : b and c : d; and p : r is 

the ratio compounded of ratios which are the same to 

the ratios e :/and g : h; 

and it is to be shewn that k : m : : p : r. 
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Because k : I : : a : b, 
a : b :: e : /, 
and e :/: :p : q ; 
therefore k : I : : p : q. Prop. xi. 

And because l:m:: c : d, 
c: d::g:h, 
and ^ : A : : g : r ; 
therefore / : m : : g : r. Prop. xi. 

And since k : I : : p : q, 
and l:m:: q : r ; 
therefore, ex sequali, k : m : : p : r. 
The same proof may be extended to any number of 
ratios. 

Therefore, if several ratios, &c— Q. E. D. 

Otherwise, 
Because a : b : : e :/, therefore t =->> 

and „ cid-.iffih, „ J = f : 

wherefore r x -3 = ^ x f . 
o a / h 

a k 
But because a : b :: k : I, therefore t = j > 

and ,, c : d :: I : m „ - = - : 

dm 

, r a c k I k 
wherefore -x- = T x-=-. 
b a I m m 

Also, because e :f::p : q, therefore ^ = - ; 

J z 

and „ ffihuq.r, „ { = -' 

a r 
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wherefore 7 x? = - x - = -. 
/ h q r r 

k p 
Therefore - =.-.» 
m r 

and therefore k : m : : p : r. 



PROPOSITION H. 

If a ratio which is compounded of several ratios be 
the same to a ratio which is compounded of several 
other ratios ; and if one of the first ratios, or the ratio 
which is compounded of several of them, be the same 
to one of the last ratios, or to the ratio which is com- 
pounded of several of them; then the remaining ratio 
of the first, or, if there be more than one, the ratio com- 
pounded of the remaining ratios, shall be the same to 
the remaining ratio of the last, or, if there be more 
than one, to the ratio compounded of these remain- 
ing ratios. 

a, b, c, d y e,f; 
g, h, A, Z, m. 

Let the ratio which is compounded of several ratios, 
a : b y b : c, c : d, die, and e : f, be the same to the 
ratio which is compounded of several other ratios, 
g : h, h : k, k : I, and m : n; and let the ratio which 
is compounded of some of the former, viz. of a : b, 
b : c, and c : d, be the same to the ratio which is com- 
pounded of some of the others, viz. of g : h and h : k. 

Then the ratio which is compounded of the remain- 
ing first ratios, viz. of d : e and e : /, shall be the same 
to the ratio which is compounded of the other remain- 
ing ratios, viz. of k : I and m : n. 

Since a :f is the ratio which is compounded of the 
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first ratios, and g : m is that which is compounded of 
the others ; 

by hypothesis a : / : : g : m. 
Also, since a : d is the ratio which is compounded 
of a : by b : c, and c : d ; and ^r : A is that which is 
compounded of g : h and ^ : k ; 

by hypothesis a : d : : g : A, 

And because a : d :: g : k, 

therefore, invertendo, d : a : : k : g; 

but a :f :: g : m: 
therefore, ex aequali, d :f:: k : m. 
But rf :/ is the ratio which is compounded of the 
ratios d : e and e : /; and k : m is the ratio which is 
compounded of the ratios k : / and / : m. 

Therefore, if a ratio which is compounded, &c. — Q.E.D. 



PROPOSITION K. 

If there be any number of ratios, and any number 
of other ratios, such that the ratio which is compounded 
of ratios which are the same to the first ratios, each to 
each, is the same to the ratio which is compounded of 
ratios which are the same, each to each, to the last 
ratios ; and if one of the first ratios, or the ratio which 
is compounded of ratios which are the same to several 
of the first ratios, each to each, be the same to one of 
the last ratios, or to the ratio which is compounded of 
ratios which are the same, each to each, to several of 
the last ratios ; then the remaining ratio of the first, or, 
if there be more than one, the ratio which is com- 
pounded of ratios which are the same, each to each, to 
the remaining ratios of the first shall be the same to 
the remaining ratio of the last, or, if there be more 
than one, to the ratio which is compounded of ratios 
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which are the same, each to each, to these remaining 
ratios. 

a, b; c, d; e,f. q, r, 8, t. 

ff> h; i,j; #, I; m, n; o,p. u, v, w, x, y, z. 

Let the ratio which is compounded of ratios which 

are the same to the ratios a : b, c : d, and e : f be the 

same to the ratio which is compounded of ratios which 

are the same to the ratios g : h, i :j, k : I, m : n, o : p. 

And let a : b, one of the first ratios, be the same to 
the ratio which is compounded of ratios which are the 
same to several of the last ratios, viz. to g : h and i :j. 
Then shall the ratio which is compounded of ratios 
which are the same to c : d and e :f, the remaining 
first ratios, be the same to the ratio which is com- 
pounded of ratios which are the same to the other re- 
maining ratios, viz. to k : l,m : n, and o : p. 
Take q, r, 8> t, such that 
a : b : : q : r, 
c : d : : r : *, 
and e:f::s:t; 
and u, v, w, x, y, z, such that 
g : h : : u : v, 
i:j ::v: w, 
k : I :: w : x, 
m : n : : x : y, 
o : p : : y : z. 
Then q : t is the ratio which is compounded of ratios 
which are the same to the first ratios, and u : z is the 
ratio which is compounded of ratios which are the same 
to the last ratios ; and by hypothesis 
q : t :: u : z. 
Also u : w is the ratio which is compounded of ratios 
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which are the same to the ratios g : h and i :j; and by 
hypothesis 

a : b : : u : w* 
And it is to be shewn that r : /, which is the ratio 
compounded of ratios which are the same to c : d and 
e : f, is the same to w : z, which is the ratio com- 
pounded of ratios which are the same to k : I, m : n y 
and o : p. 

Because a : b : : u : w, 

and a : b : : q : r, 

therefore q : r : : u : w, 

therefore, invertendo, r : q : : w ': u ; 

but q : t : : u : z ; 

therefore, ex aequali, r : t : : w : z. 

Therefore, if there be, &c— Q. E. D. 

Otherwise, 

Because a : t : : u : z 3 therefore \ = - : 

t z 

but \ = - x - and - = - x - ; 
t r t z w z 

therefore - x - = - x - . 
r t w z 

a q 
And because a : b : : q : r, therefore T = -; 

* b r 

. a u 

„ „ a:b::u:u>, „ - = - ; 

wherefore - = - . 
r w 

Therefore also - = - , 

/ z 

and therefore r : t : : w : z. 
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NOTES. 



Pbop. I.— This proposition has been previously assumed 
by Euclid to be true in two particular cases : viz. in Bk. 
in., Prop. 20, Case 1, where the sum of the doubles of two 
angles was taken to be double of the sum of the angles 
themselvek ; and in Bk. n., Prop. 8, where the sum of the 
quadrupled of two figures was taken to be quadruple of the 
sum of the figures themselves. 

The algebraical demonstration includes the property of 
numbers, that the sum of the products of any number and 
several others is equal to the product of that number and 
the sum of the others : ag. 3x7 + 3x5 + 3x4 = 
3x(7 + 5 + 4). Also if m and all the other quantities be 
taken to represent straight lines, it affords an algebraical 
proof of Prop. 1, Bk. n. ; the products of the quantities 
representing the rectangles contained by the lines. 

Pbop. II. — The algebraical demonstration, as generalized 
in the corollary, includes the property of numbers, that if 
two numbers be multiplied by several others, each by the 
same, the sums of the products formed from each are equal 
to the products of those two numbers and a common mul- 
tiplier : e.g. 7x3 + 5x3 = 12 x 3, and 7x4 + 5x4 
= 12 x 4. 

Pbop. III. — The algebraical demonstration includes the 
property of numbers, that if two numbers be multiplied by 
any number, and the products so formed multiplied again 
by another number, each by the same ; the final products 
are equal to the products of the original numbers and a 
common multiplier: 3x4x5 = 12 x 5, and 3x4x9 
= 12 x 9. 

Pbop. V. — This proposition has been previously assumed 
by Euclid to be true in a particular case in Bk. in., Prop. 
20, Case 2, where the difference of the doubles of two angles 

p 
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was taken to be double of the difference of the angles 
themselves. 

The algebraical demonstration includes the property of 
numbers, that the difference of the products of any number 
and two others is equal to the product of that number and 
the difference of the others : e.g. 3x7 — 3x5 = 3x 
(7 — 5). Compare this with Prop, i., subtraction taking 
the place of addition. 

Pbop. VI. — The algebraical demonstration includes the 
property of numbers, that if two numbers be multiplied by 
two others, each by the same, the differences of the pro- 
ducts formed from each are either equal to the numbers 
themselves or to the products of those two numbers and 
a common multiplier: e.g. 7 x 3 — 6x3 = 3, and 7x4 

— 6x4 = 4; and 7 x 3 — 5 x 3 = 2 x 3, and 7 x 4 

— 5 x4 = 2 x4. 

Pbop. D. — The exact converse of the preceding propo- 
sition would be, If the first be to the second as the third to 
the fourth ; the first shall be the same multiple of the 
second, or the same part of it, that the third is of the fourth. 
But that would not be always true ; for the first need not 
be a multiple or part of the second, nor the third of the 
fourth. This proposition may be termed a conditional con- 
verse of the preceding. 

Pbop. XII. — The algebraical demonstration proves the 
property of fractions, that if several fractions be equal to 
one another, each of them is equal to the fraction which 
has the sum of their numerators for a numerator and the 
sum of their denominators for a denominator. 

Pbop. XVI. — It has been shewn in the Introduction 
(p. 35) that the algebraical demonstration proves the geo- 
metrical proposition only on the supposition that a, b, c, d 
represent magnitudes of the same kind and in a common 
denomination. It is however always true of four numbers 
which are proportionals ; and consequently in arithmetical 
examples on the Kule of Three the second and third terms 
are often interchanged without error in the result, even 
when the quantities are not all of the same kind. 
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Thus the statement 3cwt. : 6cwt. : : £4 : the answer, 
will give Ana. £8 ; and 3 : 4 : : 6 : the answer, will give 
Ana. 8 ; although it cannot be rightly said that 3 cwt. has 
any ratio to £4, or 6 cwt. to £8. 

Pbop. XX. — It is further true, that if there be any 
number of magnitudes and as many others, which taken 
two and two in order, have the same ratio ; if the first be 
greater than the last of the first magnitudes, the first is 
also greater than the last of the others ; and if equal, equal ; 
and if less, less. 

The magnitudes being the same as in Prop. zzii. " Ex 

a p 

aequali," it may be shewn, as in that proposition, that - = -; 

whence the result may be inferred. 

Pbop. XXI. — This may be extended to any number of 
magnitudes in the same manner as the preceding propo- 
sition; the equality of the fractions being proved as in 
Prop, xxiii., " Ex aequali in proportione perturbata," and 
the inference drawn as before. 

Pbop. G. — Euclid has made no distinction between the 
ratio compounded of other ratios and the ratio compounded 
of ratios which are the same to those ratios ; and on the 
principle laid down in the second paragraph of Dr. Sim- 
son's explanations of his Def. A, the ratio of JSTto M in this 
proposition may be said to be the ratio compounded of the 
ratios of A to B and CtoD; and the ratio of j^T to P may 
in like manner be said to be compounded of M to JP and Q 
to H. Hence Propositions F and Gt might have been in- 
cluded under the enunciation of the former. 

Pbop. K. — This proposition might have been included 
under the enunciation of Prop. H, in the same manner that 
Prop. G- might have been included in that of Prop. E. In 
the algebraical proof given in the text, a less number of 
magnitudes have been represented than in Dr. Simson's 
demonstration, because the proof of the theorem does not 
appear to require that the ratio compounded of the same 
ratios should be expressed in more ways than one. 
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Dr. Simeon's demonstration is adapted to the case in 
which certain magnitudes h, k, 1 are known to have the 
same ratios to one another that has to D and E to F; 
and m, n, o, p are known to have the same ratios to one 
another that M has to jV, O to P, and Q to JB; whilst T, 
V, X, and a, b, c, d are other magnitudes arbitrarily chosen 
which hare to one another those same ratios. 
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QUESTIONS. 



1. What is a magnitude ? 

2. How many different kinds of magnitudes are there ? and 
how are they distinguished generally from one another ? 

3. Specify the different kinds of magnitudes and the cha- 
racteristic distinction of each. 

4. "What is Euclid's criterion of magnitudes being of the 
same kind ? Is there any other ? 

5. Compare the meanings of the word "part" in the fifth 
and other books of Euclid. 

6. How is a magnitude expressed algebraically as a part of 
another ? and how as a multiple ? 

7. How may the correlative relations of a multiple and its 
part be variously described ? 

8. When are two or more magnitudes said to be equimul- 

tiples of as many others ? 

9. How are equimultiples expressed algebraically ? 

10. When are two magnitudes said to be commensurable ? 
and when incommensurable P Give examples. 

11. What is meant by the quantity of a magnitude ? and 
how is the quantity of a magnitude expressed alge- 
braically or arithmetically ? 

12. How is the ratio of two magnitudes expressed alge- 
braically P 

13. Can the ratio of the same two magnitudes be expressed 
algebraically in more ways than one ? 

14. Compare the geometrical and algebraical definitions of 
the sameness (or similitude) of ratios. 
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15. When equimultiples of four magnitudes are taken as in 
the fifth definition ; if when the multiple of the first is 
greater than that of the second, the multiple of the 
third must be greater than that of the fourth ; does 
that condition alone prove the magnitudes to be pro- 
portionals ? 

16. If, particular equimultiples being taken, the multiple 
of the first is equal to that of the second, and the mul- 
tiple of the third equal to that of the fourth ; are the 
magnitudes necessarily proportionals P 

17. Can equimultiples be always taken, so that the mul- 
tiple of the first is equal to that of the second, and the 
multiple of the third equal to that of the fourth ? If 
not, why ? 

18. If, particular equimultiples being taken, the multiple 

of the first is greater than that of the second, but the 
multiple of the third not greater than that of the 
fourth; has the first necessarily a greater ratio to 
the second than the third has to the fourth P 

19. What is the algebraical criterion that the first of four 
magnitudes has a greater ratio to the second than the 
third has to the fourth ? 

20. Distinguish between proportionals and continual pro- 
portionals. 

21* If four magnitudes which are proportionals be repre- 
sented algebraically by a, b, c, d; and it is assumed 
that a : b : : c : d; what condition is suppressed P 

22. If the lengths of four lines which are proportionals be 
a inches, b feet, c yards, and d fathoms severally ; what 
is the relation between a, b, e, and d ? 

23. If four magnitudes which are continual proportionals 

be represented algebraically by a,b,c,'d; and it is 
assumed that a : b : : b : e :: o : d; what condition is 
suppressed ? 

24. If the lines in Question 22 are continual proportionals, 
what is the relation between a, b } c, and d? 
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25. How does Euclid apply the term " compound ratio" in 

Prop. 23, Bk. yi. ? 

26. If A, B, C, D be four magnitudes, what is meant by 
the ratio compounded of the ratios of A to B and 
CtoD? 

27. If a, b 9 c, d be four algebraical quantities, what is the 
ratio compounded of the ratios of a to b and b to c ? 

28. If A\B ::B: C:: C: D : : D: E, how is the ratio 
of A to B related to the ratios of A to C 9 A to -D, and 
Ato E severally ? 

29. Are duplicate ratios, triplicate, quadruplicate, Ac, com- 

pound ratios ? 

30. How are the duplicate and triplicate ratios of a to b 
expressed algebraically ? and what do they imply geo- 
metrically, if a and b express the lengths of two fines ? 

31. If a : b : : c : d, what proportions are inferred by taking 
the quantities "permutando" or " alternando," " in- 
vertendo," " componendo," " dividendo," and "con- 
vertendo P" Which of them is applicable only when 
the magnitudes are all of the same kind? How 
many must be of the same kind when the others are 
applied ? 

32. What properties of numbers are included in the alge- 
braical demonstrations of Props. 1, 2, 8, 5, and 6 P 

33. How can Prop. 1, Bk. n. be inferred from tbe algebrai- 
cal demonstration of Prop. 1 P 

34. What properties of fractions are proved in the alge- 
braical demonstrations of Props. B, 12, 16, 17, 18, 19, 
E, 22, and 23 P 

35. Describe generally the process by which propositions, 
such as those of the fifth book of Euclid, relating to 
geometrical magnitudes, are proved algebraically. 
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Jelf's " Greek Grammar." Fourth Edition. 8vo., cloth, 12f. 
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PEOSPECTTJS aw LIST 

OF THB 

OXFORD POCKET CLASSICS; 

A NEW SERIES OF THE GREEK AND LATIN CLASSICS 
FOR THE USE OF SCHOOLS. 

The want of a good series of Greek and Latin Classics, 
suited to the use of Schools, with the English mode of punc- 
tuation, and under English editorship, has long heen felt, 
and it is a matter of wonder that our Schools should so 
Jong have heen obliged to depend on Germany for accurate 
Greek and Latin texts. 

To meet this want, the Oxford Pocket Glassies were com- 
menced some years back, and each year has added some 
three or four authors to the collection. 

The advantages of this series of Classics are, that they are 
printed from the best texts extant, (the £rreek Flays were 
revised by Professor Dindorf, of Leipsic, expressly for this 
edition,) and each volume has, during its progress through 
the press, been superintended by some competent member of 
the University. There have also been supplied, where neces- 
sary, Summaries, Chronological Tables, Biographical notices, 
Indices, and the like, — aids which are often wanting in other 
editions. Lastly, they are printed with a good plain type, and 
on a firm, fine paper, capable of receiving writing-ink for 
notes ; whilst at the same time they are supplied at moderate 
prices. 



EXTRACT FROM THE ATHEN-EUM. 
"Mr. Farmer is supplying a want long felt in issuing a series of goo* 
classical texts, well edited, and in a cheap form. The expensiveness of 
our school-books is a crying evil, which cannot be too soon abated. It is 
absurd extravagance to put costly books into the hands of schoolboys, to 
be thumbed and torn to pieces, when cheaper ones would answer every 
useful purpose just as well. In this respect our neighbours on the Con- 
tinent are far more rational than we are. We look with satisfaction 
upon Mr. Parker's efforts to bring about an amendment. Though we 
think It would have been better to announce the editor's name, we 
willingly bear testimony to the ability with which he has executed his 
task, and have muoh pleasure in recommending the Texts as suitable 
for school purposes." 
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SHORT NOTES 

TO ACCOMPANY THE TEXTS OF THE OXFORD POCKET CLASSICS 
ARE NOW IN COURSE OF PUBLICATION. 



The changes which are now taking place in the system of 
Education in our Universities, necessitate a corresponding change 
in our Schools ; and less time must be given to Greek and Latin, 
to allow for other branches of study. To facilitate this object, 
these Short Notes, which have been prepared by persons engaged 
in tuition, are published. 

They will as far as possible assist in mastering difficulties, in- 
stead of affording facilities for passing them over, both by pointing 
out wherein the real difficulty lies, and then the means for over- 
coming it by reference to rules of construction, grammars, &c. ; 
in short, such information as in all probability the schoolmaster 
would think it necessary to impart himself to his scholars ; and 
thus it is hoped that, without preventing the acquirement of 
a fundamental knowledge of the language, they may materially 
save the time both of Teacher and Pupil. 

It is not intended that these Notes should be used or referred to 
during the lesson, but should be studied beforehand. For this 
purpose they are printed separately from the Texts, and placed 
at the end; or, in the case of the complete works, bound in 
a separate volume. 

It is hoped that this plan of issue, and the suggestive nature of 
the Notes, may obviate and answer many of the objections which 
have been raised to the employment of these aids generally. 



SOPHOCLES. 

s. d. 
Ajax (Text and Notes) 1 
Electra „' 10 

(Edifus Rex „ 10 

CEdipus Coloneus „ 1 
Antigone „ 10 

Philoctetes „ 10 

Trachinia „ 10 

The Notes separate, in 1 volume, 
cloth, 3s. 6d. 
4 



EURIPIDES. 



Hecuba (T^x* and Notes) 1 



Medea 

Orestes 

Hippolytus 

Phceniss^ 

Alcestis 



d. 









The Notes separate, in 1 volume 
doth, 3s. 
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SHORT NOTES, &c.— continued. 



m ARISTOPHANES. 

• t. d. 

The Knights ( Text 

and Notes) 1 
The Acharnians ,, 10 

jESCHYLUS. 
Persje (Text and Notes) 1 
Prometheus Vinctus „ 1 
Seftem Contra Thebas 1 
Agamemnon ,, 10 

ChoephorjE „ 10 

eumenides „ 10 

Supplices „ 10 

The Notes separate, in 1 volume, 
cloth, 3s. 6d. 

DEMOSTHENES. 
De Corona (Tejrf^JVbfM) 2 

^SCHINES. 
In Ctesiphontem (Text 



HORACE. 



and Notes) 

HOMER. 
The Iliad, BooksL— VI. 
(Text and Notes) „ 

VIRGIL. 
Bucolics (Text and Notes) 1 
Georgics „ 2 

First Three Books of the 



2 



2 



1 



LIVY. 
Books XXL— XXIV. 
(Text and Notes) „ 
Ditto in cloth, 1 vol. „ 



d. 





Satires ( Text and Notes) 1 
Odes and Epodes „ 2 
Epistles and Ars Po- 

etica „ 1 

The Notes separate, in 1 volume, 
cloth, 2s. 

SALLUST. 

JvovRTHK(TextandNotes)l 6 
Catiline „ 10 

CORNELIUS NEPOS. 
Lives (Text and Notes) 1 6 

PH^DRUS. 
Fables (Text and Notes) 1 

CICERO. 

Orationes in Catilinam 
(Text and. Notes) 1 

Pro Lege 

Manilia, and Pro 
Archia „ 10 

Oratio Pro Milone 1 

De Senectute, and 
De Amicitia „ 10 

CjESAR. 

De Bello Gallico, 
Books I.— III. (Text 
and Notes) „ 10 



" The Notes contain sufficient information, -without affording the pupil 
so much assistance as to supersede all exertion on his part"— Athenceum. 

" Be all this as it may, it is a real benefit to public schoolboys to be able 
to purchase any Greek Play they want for One Shilling. When we were in- 
troduced to Greek Flays, about forty years ago, we had put into our hands 
a portly 8vo. volume, containing Porson's four Plays, without one word of 
English in the shape of notes; and we have no doubt the book cost nearer 
twenty than ten shillings, and, after all, was nothing near so useful as these 
neat little copies at One Shilling each."— Educational Times. 
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CLASSICS. 



Msehylus. — The Eumenides, with Notes by LnrwooD 
and Blomfield. 8vo., 8s. 

• Prometheus, the text of Dindorf, with Notes 



by John Griffiths, M.A. 8to., 5s. 



The Prometheus Yinctus. Translated by 

Charles Cavendish Clifford, B.C.L. 8vo., 2s. 

Aristophanes. — The Birds of Aristophanes, with Notes. 
By T. H. Blaydes, M.A. 8vo., 5s. 

The Progs. Translated by Chables 



Cavendish Clifford, B.C.L. 8vo., 2s. 6d. 

Aristotle. — The Ethics of Aristotle, with Notes, by 
the Rev. W. E. J elf, Author of the Greek Grammar, &c. 
8vo., 12s. 

Text separately, 5s. Notes separately, Is. 6d. 

Parsons* Ehetoric of Aristotle, with Notes 

and Parallel Passages. 8vo., eloth, 7s. 

Lloyd's Connection of the Ethics of Aristotle. 

12mo.,«ewed, 3s. 

Riddle's Illustrations of Aristotle on Men 



and Manners, from the Dramatic Works of Shakspeare. 
12mo., sewed, 3s. 

Euripides. — Iphigenia in Tauris, with Notes by Eev. 
£. A. Pitman. Fcap. 8vo., 5s. 

Herodotus. — Edidit Thomas Gaisfobd, S.T.P., Gtr. 

Ling. Prof. Keg. Edrtio tertia subinde emendata. 2 vols. 
8vo., U. Is. 

Juvenal and Persius, with English Notes. By Dr. 
Stocker. 8vo., cloth, 14s. 

Livii Historia ex recensione Crevierii et Draken- 

borchii. 3 vols. 8vo., II. lis. 6d. 

Historia, with English Notes, Marginal Re- 
ferences, and various Readings. By C. W. Stocker, D.D. 
4 vols. 8vo. 22. 8s. 



Digitized 



by Google 



CLASSICS, &c continued. 

SopTioclis Tragoediffl, with Notes, adapted to the use 
of Schools and Unirersities. By Thomas Mitchell, M.A. 

- 2 vols. 8vo., II. 8s. 

The Plays may also be had separately, at 5s. each. 
(Edipus Tyrannus. I Trachinj«. 

(Edipus Colonbus. Antigone. 

Electra. Philoctetes. 

Ajax. 

(Edipus Rex. Translated by Sir Francis 

Doyle, Bart. 18mo., Is. 

Thucydidee, with Notes, chiefly Historical and Geo- 
graphical. By the late T. Arnold, D.D. With Indices by Rev. 
ft. P. G. Tiddeman. Fifth Edition. 

Complete, 3 volumes, Svo., cloth lettered, 11. 16*. 

■ The Text of Arnold, with his Ar- 
gument. The Indexes adapted to his Sections, and the Greek 
Index greatly enlarged. By R. P. G. Tiddeman. In One 
thick Volume. 8vo., 12s. 

Virgil {The Georgics of), Literally and Rhythmetically 
translated. By W. Sewell, D.D., Warden of St. Peter's 
College, Radley, and Fellow of Exeter College, Oxford. Fcap. 
8to., cloth, 2s. 6d. 



SCIENCE 

TEXT-BOOK OF MECHANICAL PHILOSOPHY, 

for the use of Students. By Professor Walker. Pt I. Mechanics, 
16mo., 5s. Pt. II. Hydrostatics and Pneumatics, 2s. 6d. 

LOGIC. 

ARTIS LOGICS RUDIMENTA (Aldrich). Accessit 

Solutio Sophismatum. Sewed, 2s. 6d. ; interleaved, 3s. 6d. 

ALDRICH'S LOGIC, with Notes. By Johk Hill, 
B.D. 12mo., cloth, 3s. 

ESSAY ON LOGICAL MJSTHOD. By C. P. Chre- 
tien, M.A., Fellow and Tutor of Oriel College. 8vo., 6s. 

INTRODUCTION to LOGIC. By the Rev. George 

Moberly, D.C.L. 12mo., 2s. 6d. 

LECTURES ON LOGIC. By C. E. Moberly, late 

Student of Balliol College. Fcap. 8vo., 4s. 6d. 

FRENCH 
SUPPLEANT DB LA PEATIQUB du Langage 

Familier, ou Application des Idiotismes Francais. Par Jules 
Bub, Teacher of French at the Taylor Institution. No. L La 
Cameraderie, par Scribe. 8vo., 4s. 
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HISTORY. 



Three Vols., Fcap. $vo. t with Illustrations, cloth, 15s. 

Becommended by the Examiners in the School of 
Modern History at Oxford. 

THE ANNALS OF ENGLAND; 

AN EPITOME OF ENGLISH HISTORY, 

From Cotemporary Writers, the Rolls of Parliament, and other 

Public Records. 

Vol. I. From the Roman Era to the end of the JPlantagenets. 

Vol. II. From the Accession of the House of Lancaster to Charles I. 

Vol. III. From the Commonwealth to the death of Queen Anne. 

" We have rarely met with a more highly useful book for educational 
purposes than this Epitome. It gives a brief, but comprehensive, outline 
of all the great events which have marked the character and habits of the 
British people, and fixes the dates of such events with accuracy and pre- 
cision, in such a manner as to fix them upon the pupil's memory, and to 
store his mind with information that cannot be too highly prized. As a 
book of reference, it will also be found valuable. We cannot but speak in 
terms of the highest approbation of the manner in which a most laborious 
undertaking has been thus far fulfilled."— Daily News. 

A HISTOBY OF THE SABACEBTS. By E. A. 
Freeman, M.A. Fcap. 8vo. 5s. 



OXFORD PROFESSORIAL LECTURES. 



Regius Pressor of Modern History. 

THE STUDY OF HISTORY. 

Two Lectures delivered hy Gold- 
win Smith, M.A., Regius Pro- 
fessor of Modern History in the 
University of Oxford. 8vo., sewed, 
price 2s. 6d. 

By the same Author. 
ON SOME SUPPOSED CON- 
SEQUENCES OF THE DOC- 
TRINE OF HISTORICAL PRO- 
GRESS. April, 1861. 8vo. t sewed, 
price Is. 6d. 
The Three Lectures, cloth, 4s. 

THE FOUNDATION of the 
AMERICAN COLONIES. A Lec- 
ture delivered before the Univer- 
sity of Oxford, June 12, 1860. 
8vo., price Is. 

By the Professor of Politioal 
Economy. 

THREE LECTURES ON 

TAXATION, especially that of 
Land, delivered at Oxford, in the 

8 



Year 1860. By Charles Neate, 
M.A., Fellow of Oriel ; Professor 
of Political Economy in the Uni- 
versity of Oxford. 8vo., price 2s. 

By the same Author. 
TWO LECTURES ON 
TRADES UNIONS, Delivered in 
the University of Oxford in the 
year 1861. 8vo., price Is. 6d. 

By the Professor of International 
Law. 
ON THE PRINCIPLE OF 
NON-INTERVENTION. A Lec- 
ture delivered in the Hall of All 
Souls* College. By Mountaoue 
Bernard, M.A., Chichele Profes- 
sor of International Law and Di- 
plomacy in the University of Ox- 
ford. 8vo., price Is. 

By the same Author. 
TWO LECTURES ON THE 

PRESENT AMERICAN WAR. 
November, 1861. 8vo., sewed, 
price 2s. 
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